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THE POLYNOMIAL PROPERTY (V)
MANUEL GONZA´LEZ AND JOAQUI´N M. GUTIE´RREZ
Abstract. Given Banach spaces E and F , we denote by P(kE,F ) the space of
all k-homogeneous (continuous) polynomials from E into F , and by Pwb(
kE,F )
the subspace of polynomials which are weak-to-norm continuous on bounded sets.
It is shown that if E has an unconditional finite dimensional expansion of the
identity, the following assertions are equivalent: (a) P(kE,F ) = Pwb(
kE,F ); (b)
Pwb(
kE,F ) contains no copy of c0; (c) P(
kE,F ) contains no copy of ℓ∞; (d)
Pwb(
kE,F ) is complemented in P(kE,F ). This result was obtained by Kalton for
linear operators. As an application, we show that if E has Pe lczyn´ski’s property
(V) and satisfies P(kE) = Pwb(
kE) then, for all F , every unconditionally converg-
ing P ∈ P(kE,F ) is weakly compact. If E has an unconditional finite dimensional
expansion of the identity, then the converse is also true.
Given two Banach spaces E and F , we denote by P(kE, F ) the space of all k-
homogeneous (continuous) polynomials from E into F , and by Pwb(
kE, F ) the sub-
space of polynomials which are weak-to-norm continuous on bounded sets. This
subspace has been studied by many authors: see, for instance, [3, 4, 17, 19]. Clearly,
every polynomial in Pwb(
kE, F ) takes bounded sets into relatively compact sets. Ob-
serve that P(1E, F ) = L(E, F ), the space of (linear bounded) operators from E into
F , and that Pwb(
1E, F ) = K(E, F ), the space of compact operators. The spaces
P(0E, F ) and Pwb(
0E, F ) may be identified with F .
Kalton studied in [23] the structure of the space K(E, F ). In the present paper,
we obtain versions of his results for the space Pwb(
kE, F ), showing that Pwb(
kE, F )
contains a copy of ℓ∞ if and only if either E contains a complemented copy of ℓ1 or
F contains a copy of ℓ∞. We also prove that, for E having an unconditional finite
dimensional expansion of the identity, the following assertions are equivalent: (a)
P(kE, F ) = Pwb(
kE, F ); (b) Pwb(
kE, F ) contains no copy of c0; (c) P(
kE, F ) contains
no copy of ℓ∞; (d) Pwb(
kE, F ) is complemented in P(kE, F ).
As an application, we prove that, if E has property (V) (the definitions are given
below) and P(kE) = Pwb(
kE), then every k-homogeneous unconditionally converging
polynomial on E is weakly compact. If E has an unconditional finite dimensional
expansion of the identity, then the converse is also true.
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Throughout, E and F will denote Banach spaces, BE is the closed unit ball of E
and SE is the unit sphere of E; E
∗ will be the dual of E. The set of natural numbers
is denoted by N. As usual, (en) stands for the unit vector basis of c0.
A formal series
∑
xn in E is weakly unconditionally Cauchy (w.u.C., for short)
if, for every φ ∈ E∗, we have
∑
|φ(xn)| < +∞. Equivalent definitions may be
seen in [7, Theorem V.6]. The series is unconditionally convergent if every subseries
converges. Equivalent definitions may be seen in [8, Theorem 1.9].
A polynomial P ∈ P(kE, F ) is unconditionally converging [15, 16] if, for each
w.u.C. series
∑
xn in E, the sequence (P (
∑n
i=1 xi))n is convergent in F . The space
of all unconditionally converging polynomials is denoted by Puc(
kE, F ). This class
has been very useful for obtaining polynomial characterizations of Banach space
properties (see [21]). We say that P ∈ P(kE, F ) is (weakly) compact if P (BE) is
relatively (weakly) compact in F . Every weakly compact polynomial is uncondi-
tionally converging. For the general theory of polynomials on Banach spaces, we
refer to [9, 26].
To each polynomial P ∈ P(kE, F ) we can associate a unique symmetric k-linear
mapping Pˆ : E× (k). . . ×E → F so that P (x) = Pˆ (x, . . . , x) and an operator TP :
E → P(k−1E, F ) given by TP (x)(y) := Pˆ (x, y,
(k−1). . . , y). It is well known that P ∈
Pwb(
kE, F ) if and only if TP is compact [3, Theorem 2.9].
Denote by Ls(E,P(k−1E, F )) the space of all operators C : E → P(k−1E, F ) such
that
(C(x))∧(y1, . . . , yk−1) = (C(y1))
∧(x, y2, . . . , yk−1) (x, y1, . . . , yk−1 ∈ E),
where (C(x))∧ stands for the symmetric (k− 1)-linear mapping associated to C(x).
Proposition 1. The mapping T : P(kE, F )→ Ls(E,P(k−1E, F )) given by T (P ) =
TP is a surjective linear isomorphism.
Proof. Clearly, T is well defined, linear and injective. Since
‖TP‖ = sup
x∈BE
‖TP (x)‖ = sup
x,y∈BE
‖Pˆ (x, y, (k−1). . . , y)‖ ≤ ‖Pˆ‖ ≤
kk
k!
‖P‖
[26, Theorem 2.2], we have that T is continuous. To see that it is surjective, take
C ∈ Ls(E,P(k−1E, F )), and define A : E×
(k). . . ×E → F by A(y1, . . . , yk) :=
(C(y1))
∧(y2, . . . , yk), and P (x) = A(x,
(k). . ., x). Then
TP (x)(y) = A(x, y,
(k−1). . . , y) = C(x)(y) (x, y ∈ E).
Hence, TP = C. ✷
The subspace of all operators in Ls(E,P(k−1E, F )) which are compact (resp.
weakly compact) will be denoted by Ks(E,P(
k−1E, F )) (resp. Ws(E,P(
k−1E, F ))).
Given C ∈ Ks(E,P(k−1E, F )), the symmetry of C easily implies that C(E) ⊆
Pwb(
k−1E, F ).
The proof of [5, Proposition 5.3] gives:
Proposition 2. For n ≥ m, the space P(mE, F ) (resp. Pwb(
mE, F )) is isomorphic
to a complemented subspace of P(nE, F ) (resp. Pwb(
nE, F )).
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Theorem 3. The space Pwb(
kE, F ) contains a copy of ℓ∞ if and only if either F
contains a copy of ℓ∞ or E contains a complemented copy of ℓ1.
Proof. If Pwb(
kE, F ) contains a copy of ℓ∞, a fortiori the space K
(
E,Pwb(
k−1E, F )
)
contains it. Therefore [23, Theorem 4], either E contains a complemented copy of
ℓ1 or Pwb(
k−1E, F ) contains a copy of ℓ∞. Repeating the process, we conclude that
either E contains a complemented copy of ℓ1 or Pwb(
0E, F ) ≡ F contains a copy of
ℓ∞.
Conversely, if F contains a copy of ℓ∞, since F ≡ Pwb(
0E, F ) is isomorphic to a
subspace of Pwb(
kE, F ) (Proposition 2), we obtain that Pwb(
kE, F ) contains a copy
of ℓ∞. If E contains a complemented copy of ℓ1, then E
∗ contains a copy of ℓ∞; since
E∗ = Pwb(
1E) is isomorphic to a subspace of Pwb(
1E, F ), which is in turn isomorphic
to a subspace of Pwb(
kE, F ), we obtain that the latter contains a copy of ℓ∞. ✷
The proof of [23, Lemma 2] yields:
Lemma 4. Assume E is separable, Pwb(
kE, F ) is complemented in P(kE, F ), and
an operator Φ : ℓ∞ → P(
kE, F ) is given with the following properties:
(a) Φ(en) ∈ Pwb(
kE, F ) for all n;
(b) the subset {Φ(ξ)(x) : ξ ∈ ℓ∞, x ∈ E} ⊂ F is separable.
Then, for every infinite subset M ⊆ N, there exists an infinite subset M0 ⊆ M
with Φ(ξ) ∈ Pwb(
kE, F ) for all ξ ∈ ℓ∞(M0).
Lemma 5. Suppose E contains a complemented copy of ℓ1. Then Pwb(
kE, F ) is
uncomplemented in P(kE, F ) for every F and k ∈ N (k > 1).
Proof. As in [23, Lemma 3], we can reduce the problem to the case E = ℓ1.
Fix v ∈ SF and define the operator
Φ : ℓ∞ −→ P(
kℓ1, F )
by
Φ(ξ)(x) =
∞∑
i=1
ξix
k
i v for ξ = (ξi)
∞
i=1 ∈ ℓ∞ and x = (xi)
∞
i=1 ∈ ℓ1.
Since
‖Φ(ξ)‖ = sup
x∈Bℓ1
∥∥∥∥∥
∞∑
i=1
ξix
k
i v
∥∥∥∥∥ ≤ ‖ξ‖ · supx∈Bℓ1
∞∑
i=1
∣∣xki ∣∣ = ‖ξ‖,
Φ is continuous (easily, it is even an isometric embedding).
We claim that Φ(ξ) ∈ Pwb(
kℓ1, F ) if and only if ξ ∈ c0. Indeed, let
TΦ(ξ) : ℓ1 −→ P(
k−1ℓ1, F )
be the associated operator given by
TΦ(ξ)(x)(y) =
∞∑
i=1
ξixiy
k−1
i v for x = (xi), y = (yi) ∈ ℓ1.
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Since, for n 6= m,∥∥(TΦ(ξ)(en)− TΦ(ξ)(em)) (y)∥∥ =∥∥TΦ(ξ)(en − em)(y)∥∥ =
∥∥∥∥∥
∞∑
i=1
ξi(δin − δim)y
k−1
i v
∥∥∥∥∥ = ∣∣ξnyk−1n − ξmyk−1m ∣∣ ,
we have
max{|ξn|, |ξm|} ≤
∥∥TΦ(ξ)(en)− TΦ(ξ)(em)∥∥ ≤ |ξn|+ |ξm|,
it follows that TΦ(ξ) is compact if and only if ξ ∈ c0 (see [7, Exercise VII.5]).
By Lemma 4, there is an infinite M ⊆ N such that Φ(ξ) ∈ Pwb(
kℓ1, F ) for all
ξ ∈ ℓ∞(M), which contradicts the above claim. ✷
In the linear case (k = 1), Kalton needs to assume that F is infinite dimensional
for the validity of Lemma 5 [23, Lemma 3]. Taking k > 1, we can drop this condition.
Observe that, if k = 1 and dim(F ) <∞, we have
Pwb(
1E, F ) = K(E, F ) = L(E, F ) = P(1E, F ),
so the conclusion of the Lemma is not true.
An unconditional finite dimensional expansion of the identity for a Banach space
E is a sequence of finite dimensional operators An : E → E such that for each
x ∈ E,
x =
∞∑
n=1
An(x)
unconditionally. This condition is a bit more general than having an unconditional
basis [22].
Lemma 6. Suppose E has an unconditional finite dimensional expansion of the
identity and let P ∈ P(kE, F ). Then there is a w.u.C. series
∑
Pi in Pwb(
kE, F )
such that, for all x ∈ E, P (x) =
∑∞
m=1 Pm(x) unconditionally.
Proof. There is a sequence (Ai) ⊂ K(E,E) such that, for every x ∈ E, we have
x =
∑∞
i=1Ai(x) unconditionally. Then,
P
(
n∑
i=1
Ai(x)
)
=
n∑
i1,... ,ik=1
Pˆ (Ai1(x), . . . , Aik(x))
=
n∑
m=1

 ∑
max{i1,... ,ik}=m
Pˆ (Ai1(x), . . . , Aik(x))


=
n∑
m=1
Pm(x)
where Pm ∈ Pwb(
kE, F ).
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Choosing finite subsets I1, . . . , Ik of integers, we have∥∥∥∥∥
∑
i1∈I1,... ,ik∈Ik
Pˆ (Ai1(x), . . . , Aik(x))
∥∥∥∥∥ =
∥∥∥∥∥Pˆ
(∑
i1∈I1
Ai1(x), . . . ,
∑
ik∈Ik
Aik(x)
)∥∥∥∥∥
≤ ‖Pˆ‖ ·
∥∥∥∥∥
∑
i1∈I1
Ai1(x)
∥∥∥∥∥ · . . . ·
∥∥∥∥∥
∑
ik∈Ik
Aik(x)
∥∥∥∥∥ .
Hence, the series
∞∑
i1,... ,ik=1
Pˆ (Ai1(x), . . . , Aik(x))
is unconditionally convergent for all x ∈ E [8, Theorem 1.9]. Therefore, P (x) =∑∞
m=1 Pm(x) unconditionally.
Moreover, by the uniform boundedness principle [26, Theorem 2.6], we have
sup
I⊂N finite
∥∥∥∥∥
∑
i∈I
Pi
∥∥∥∥∥ <∞.
So
∑
Pi is w.u.C. in Pwb(
kE, F ) [7, Theorem V.6]. ✷
Theorem 7. Suppose E has an unconditional finite dimensional expansion of the
identity and let k ∈ N (k > 1). Then the following assertions are equivalent:
(a) P(kE, F ) = Pwb(
kE, F );
(b) Pwb(
kE, F ) contains no copy of c0;
(c) P(kE, F ) contains no copy of ℓ∞;
(d) Pwb(
kE, F ) is complemented in P(kE, F ).
Proof. (a) ⇒ (c): Assume P(kE, F ) = Pwb(
kE, F ) contains a copy of ℓ∞. By
Theorem 3, either E contains a complemented copy of ℓ1 or F contains a copy of
ℓ∞. Lemma 5 implies that E contains no complemented copy of ℓ1, so F contains a
copy of ℓ∞. Take a normalized basic sequence (xi) ⊂ E and a bounded sequence of
coefficient functionals (φn) ⊂ E
∗ (φi(xj) = δij). Define P ∈ P(
kE, ℓ∞) by P (x) :=(
φn(x)
k
)
n
. Then, for i 6= j, we have ‖P (xi)−P (xj)‖ ≥ |φi(xi)
k−φi(xj)
k| = 1. Hence,
denoting by J : ℓ∞ → F an isomorphism, we get J ◦ P ∈ P(
kE, F )\Pwb(
kE, F ), a
contradiction.
(c) ⇒ (b): The proof is the same of the linear case [23, Theorem 6] with slight
modifications.
(b)⇒ (a): Take P ∈ P(kE, F ). Consider the w.u.C. series
∑
Pi given by Lemma 6
with Pi ∈ Pwb(
kE, F ). Since this space contains no copy of c0, the series is uncondi-
tionally convergent [7, Theorem V.8]. Clearly, its sum must be P . Since the space
Pwb(
kE, F ) is closed, we conclude that P ∈ Pwb(
kE, F ).
(a) ⇒ (d) is trivial.
(d) ⇒ (a): If Pwb(
kE, F ) is complemented in P(kE, F ), Lemma 5 implies that E
contains no complemented copy of ℓ1. Suppose there is P ∈ P(
kE, F )\Pwb(
kE, F ).
By Lemma 6, we can find a sequence (Pi) ⊂ Pwb(
kE, F ) so that P (x) =
∑∞
i=1 Pi(x)
unconditionally for each x ∈ E, and
∑
Pi is w.u.C. but is not unconditionally
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convergent since P /∈ Pwb(
kE, F ). Hence, we can find ǫ > 0, and an increasing
sequence (mj) of integers such that, for each j, the polynomial
Cj :=
mj+1∑
i=mj+1
Pi
satisfies ‖Cj‖ > ǫ.
Define now Φ : ℓ∞ → P(
kE, F ) by Φ(ξ)(x) =
∑
ξjCj(x) for ξ = (ξj)
∞
j=1 ∈ ℓ∞
and x ∈ E. Since the series
∑
Pi(x) is unconditionally convergent, so is the series∑
ξjCj(x). The set {Φ(ξ)(x) : ξ ∈ ℓ∞, x ∈ E} is contained in the closed linear span
of {Cj(E) : j ∈ N} which is separable by the compactness of Cj. On the other hand,
Φ(ej) = Cj ∈ Pwb(
kE, F ) for all j. By Lemma 4, there is an infinite subset M ⊂ N
such that Φ(ξ) ∈ Pwb(
kE, F ) for each ξ ∈ ℓ∞(M).
Therefore, for each ξ ∈ ℓ∞(M), the series
∑
ξjCj is weak subseries convergent.
The Orlicz-Pettis theorem then implies that it is unconditionally convergent. In
particular,
lim
j∈M
j→∞
‖Cj‖ = 0,
a contradiction. ✷
Observe that the unconditional finite dimensional expansion of the identity is used
only in (b) ⇒ (a) and (d) ⇒ (a).
In the linear case (k = 1), the restriction dim(F ) =∞ is required for the validity
of Theorem 7 [23, Theorem 6].
Remark 8. In order to highlight the difference between Theorem 3 and Theorem 7,
let us consider the spaces P(kℓp, ℓq) and Pwb(
kℓp, ℓq) for 1 < p, q <∞ and k > 1.
If kq > p, then the space P(kℓp, ℓq) contains a copy of ℓ∞. Indeed, define J : ℓ∞ →
P(kℓp, ℓq) by
J(ξ)(x) =
(
ξix
k
i
)∞
i=1
.
Since, for all n,
|ξn| = ‖J(ξ)(en)‖ ≤ ‖J(ξ)‖ = sup
x∈Bℓp
‖J(ξ)(x)‖ ≤ ‖ξ‖,
we get that J is an isometric embedding.
However, the space Pwb(
kℓp, ℓq) contains no copy of ℓ∞ since it is separable. In
fact, it is the norm closure of the space of all finite type polynomials generated by
the mappings of the form φn ⊗ y, for φ ∈ (ℓp)
∗, y ∈ ℓq [4, Proposition 2.7].
On the other hand, if ξ ∈ c0, then J(ξ) is in the closure of the finite type polyno-
mials, so J(ξ) ∈ Pwb(
kℓp, ℓq). Hence, this space contains J(c0), an isometric copy of
c0.
Recall moreover that, if kq < p, then the space P(kℓp, ℓq) is reflexive [1, 4.3].
Every polynomial P ∈ P(kE, F ) has an extension, called the Aron-Berner ex-
tension, to a polynomial P ∈ P(kE∗∗, F ∗∗) (see [2, 18, 21]). If P ∈ Pwb(
kE), then
P ∈ P(kE∗∗) is weak-star continuous on bounded sets [25].
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Recall that a Banach space has property (V), introduced in [27], if every uncon-
ditionally converging operator on E is weakly compact. Every C(K) space has
property (V) [27].
We shall need the following result:
Theorem 9. [21] The following assertions are equivalent:
(a) The space E has property (V);
(b) for all F and k ∈ N, the Aron-Berner extension of every P ∈ Puc(
kE, F ) is
F -valued;
(c) There is k ∈ N such that, for all F , the Aron-Berner extension of every
P ∈ Puc(
kE, F ) is F -valued.
Easily, if a polynomial is weakly compact, then its Aron-Berner extension is F -
valued [6].
Theorem 10. For k ∈ N, consider the assertions:
(a) E has property (V) and P(kE) = Pwb(
kE);
(b) for each F , every P ∈ Puc(
kE, F ) is weakly compact.
Then (a) ⇒ (b). If, moreover, E has an unconditional finite dimensional expan-
sion of the identity, then (b) ⇒ (a).
Proof. (a) ⇒ (b): Given P ∈ Puc(
kE, F ), by Theorem 9, the range of its Aron-
Berner extension P is contained in F . Take a net (xα) ⊂ BE. We can assume that
(xα) is weak Cauchy and so it converges in the weak-star topology to some z ∈ E
∗∗.
Let ψ ∈ F ∗. Then ψ ◦ P ∈ Pwb(
kE) and so,
ψ ◦ P (xα) = ψ ◦ P (xα) = ψ ◦ P (xα) −→ ψ ◦ P (z) = ψ ◦ P (z).
Therefore, the net (P (xα)) is weakly convergent to P (z) ∈ F . So, P (BE) is relatively
weakly compact.
(b) ⇒ (a): By the comment preceding this Theorem, and by Theorem 9, (b)
implies that E has property (V). Also, every polynomial in P(kE, ℓ1) is compact.
From this, we obtain that P(kE) contains no copy of c0 [10, Corollary 8]. A fortiori,
Pwb(
kE) contains no copy of c0. Since E has an unconditional finite dimensional
expansion of the identity, we conclude from Theorem 7 that Pwb(
kE) = P(kE). ✷
We do not know if the condition on the existence of an unconditional finite di-
mensional expansion of the identity may be removed from Theorem 10. In fact, if
(b) is satisfied, since P(k−1E) contains no copy of c0 and E has property (V), we
have
P(kE) = Ls
(
E,P(k−1E)
)
=Ws
(
E,P(k−1E)
)
,
Pwb(
kE) = Ks
(
E,P(k−1E)
)
.
So, we only have to show that Ks
(
E,P(k−1E)
)
=Ws
(
E,P(k−1E)
)
. There are many
conditions on E (apart from the existence of an unconditional finite dimensional
expansion of the identity) that imply this equality [13, 14], and it is not known
if there are Banach spaces X , Y such that K(X, Y ) 6= W(X, Y ) while K(X, Y )
contains no copy of c0 [11].
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Recall that the condition P(kE) = Pwb(
kE) implies that E contains no copy of ℓ1
[20].
It is proved in [15] that if P(kE) = Pwb(
kE) and E has property (u) then, for
all F , every P ∈ Puc(
kE, F ) is weakly compact. Part (a) ⇒ (b) of Theorem 10 is
stronger than the result of [15]. The latter cannot be applied, for instance, to the
space c0⊗ˆpic0 which fails property (u) [24] while it does have property (V) [12]. For
the definition of property (u) and its relationship to property (V), see [27]. Recall
in particular that, if E has property (u) and contains no copy of ℓ1, then E has
property (V) [27, Proposition 2].
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